We consider a realisation of composite Higgs models in the context of SU (6)/SO(6) symmetry, which features a custodial bi-triplet, two Higgs doublets and dark matter candidates. This model can arise from an underlying gauge-fermion theory. The general vacuum structure is explored using the top partial compositeness to generate a special vacuum characterised by a single angle aligned with the first Higgs doublet. We present the CP and Dark Matter Z 2 parity in two different pNGB bases and analyse the spectra in the absence of tadpoles and tachyons. For the phenomenology, we discuss the constraints from electroweak precision tests and from a potentially light CP-odd singlet (other than the Dark Matter) in the model.
Introduction
The discovery of a scalar resonance at the LHC [1] [2] [3] , compatible with the Standard Model (SM) Higgs Boson [4] [5] [6] , has been a great experimental achievement and a step forward in our understanding of particle physics. The LHC experiments have delivered a precise determination of the mass of the new resonance and a fairly good understanding of the properties of the new boson in terms of its couplings [7] . These results are a powerful tool to test theories beyond the SM, which typically predict deviations in the couplings of the Higgs boson while aiming at providing new explanations for phenomena not explained in the SM. A challenging example of such phenomena is the interpretation of the Dark Matter in the universe by the presence of a new neutral stable particle.
A time-honoured extension of the SM consists of adding a new strong interaction at the electroweak scale, thus explaining the dynamical origin of the electroweak symmetry breaking [8] [9] [10] and the lightness of the Higgs boson as arising from a pseudo Nambu Goldstone Boson (pNGB) of a broken global symmetry [11] . This Composite pseudo-Goldstone Higgs paradigm (in short CH) postulates the existence of a new strong sector above the TeV scale, which confines and breaks chiral symmetry of the underlying sector. The latter produces a set of pNGBs, which includes the Higgs doublet field. In the following, using the historical name in a wider sense, we will call this dynamics Technicolor (TC). The underlying theories are selected in order to allow for a vacuum of the TC dynamics that does not break the SM gauge symmetry, contrary to more traditional Technicolor theories [8] . The coupling of the SM to the strong sector explicitly breaks the flavour symmetry group of the theory to a smaller group, thereby generating an effective potential for the composite pNGBs. For a feasible theory, the electroweak symmetry breaking should be triggered along the direction of composite Higgs boson after minimising the effective potential (an explicit calculation requires use of the strong dynamics and can not be performed perturbatively). While the original idea dates from the early 80's, it was resurrected in the 2000's following the insurgence of the AdS/CFT correspondence [12] . The construction is based on relating strongly coupled conformal field theories (CFT) to weakly coupled 5D theories in AdS [13, 14] , where no Ultra-Violet (UV, meaning a higher energy more fundamental formulation of the theory) underlying setup is constructed and the formulation is only based on the effective field theory approach. The Higgs boson, therefore, arises as a component of the gauge bosons in the AdS bulk [15] , in analogy to gauge-Higgs unification models [16, 17] . Detailed models were proposed based on the minimal coset SO(5)/SO(4) [18] [19] [20] , which are minimal in terms of the effective Lagrangian descriptions but somewhat lack a more microscopic understanding offered by underlying gauge-fermion theories.
The present work is therefore based on CH models that admit an underlying gauge-fermion theory, where the global symmetry is broken by the formation of a bilinear condensate of some new techi-fermions ψ, charged under both TC interactions and the electroweak gauge symmetries. Few patterns of symmetry breaking are thus allowed, according to the real, pseudo-real or complex nature of the representation of the techni-fermions. The following patterns of symmetry breaking are allowed [21] : SU (2N )/Sp(2N ) for fermions in a pseudo-real representation, SU (N )/SO(N ) for real and SU (N ) × SU (N )/SU (N ) for complex ones. It follows that the minimal model features the coset SU (4)/Sp(4) [22] , which can be obtained by a G TC = SU (2) TC gauge group with 4 Weyl fermions in the fundamental representation [23, 24] .
In this work we are interested in exploring non-minimal models with a larger coset. In fact, a simple and small extension of the fermionic sector allows for more pNGBs and for unbroken global symmetries in the coset. Our main goal is thus to find a Dark Matter candidate within the pNGB spectrum. This kind of analysis has already been presented for complex representations, where SU (4) × SU (4)/SU (4) is the minimal case [25] , and for pseudo-real ones in SU (6)/Sp (6) [26] , the latter being the next extension of the minimal model. We will focus on real representation, leading to the coset SU (6)/SO (6) . This is an extension of the minimal SU (5)/SO(5) model, first studied by Georgi, Kaplan and Dugan in Ref. [27] . The minimal case shares many similar features with the Georgi-Machacek model [28] , which is based on elementary scalars, however it cannot feature a Dark Matter candidate. As we will see, a common feature of all CH models with a Dark Mater candidate is the presence of two Higgs doublet multiplets. A general analysis of composite two-Higgs-doublet models (2HDM) can be found in Refs [29, 30] . A common problem for CH models with a bi-triplet under SU (2) L × SU (2) R is that top interactions tend to induce a vacuum expectation value for the triplets in a custodial violating way. Therefore, following Ref. [31] , we will work with models that feature fermion partial compositeness with the top spurions in an adjoint representation of the global SU (6) symmetry. We will show that this non-minimal extension naturally leads to an unbroken Z 2 symmetry, under which the second doublet and a singlet are odd and serving as Dark Matter candidates.
The paper is organised as follows: In section 2, we describe the underlying gauge theory and construct the low-energy effective Lagrangians with SM symmetry naturally embedded. We further illustrate the discrete parities and show that Wess-Zumino-Witten topological term conserves the Dark Matter Z 2 parity. Then the contribution to the pNGB potential through gauge loop and techni-fermion masses is commented. In section 3, we focus on top partial compositeness to generate the consistent vacuum in absence of tadpoles, which is followed by a brief description of possible UV completion. In section 4, the mass spectra of the non-Higgs pNGBs are analysed in terms of free parameters with tachyon-free region identified. In section 5, we discuss the constraint from Electroweak precision Test on the misalignment angle, and interpret interesting ALP signatures observable at the LHC and future colliders. Finally we give our conclusions and the model implications in section 6. The technical part for the calculation indicated in the main text as well as the mechanism to generate a neutrino mass are presented in the Appendix.
The model
The model is based on the coset of pattern SU (6)/SO (6) , where SO(6) ⊃ SO(4) ∼ SU (2) L × SU (2) R contains the SM electroweak group in an explicitly custodial invariant way (the hypercharge is the T 3R generator of SU (2) R ). Like in the SM Higgs sector, the global SO(4) custodial symmetry is explicitly broken by the gauge couplings and spontaneously broken down to its diagonal SU (2) D by the Higgs expectation value. Potentially harmful contributions to the ρ parameter are cured by the above construction [32] . We will then embed the gauging of the electroweak interactions similarly to Ref. [27] .
We begin by defining the underlying model that has a new strong G TC gauge group with 6 Weyl fermions transforming as a real representation of the gauge group. Upon condensation, a condensate bilinear in the fermions, ψ i ψ j , is expected to form at an infrared scale Λ TC close to O(1) TeV, where the reality of the TF representation guarantees that the condensate is symmetric in the flavour indices [33] . In the fermionic underlying theory, the SM quantum numbers of the fermions ψ i generating the global symmetry, can be assigned as
where ψ 1/2 and ψ −1/2 are SU (2) L doublets forming a bi-doublet (2, 2) of the custodial symmetry, while ψ 0ψ0 are singlets. Thus, our model expends the one of Georgi et al. [27] by one Weyl singlet. In our notation the charge is Q=T 3 +Y . The symmetric condensate ΨΨ T thus break SU (6)/SO(6), generating 20 pNGBs in the low energy effective theory. Note that further massive fermions, in the same representation of Ψ or different, can be added in order to render the theory quasi-conformal above Λ TC , by attracting the theory towards an infra-red fixed point [34] . This will not affect the properties of the light pNGBs. The Higgs sector of the SM is thus replaced by the following Lagrangian for the TFs:
where G µν is the field strength of new strong group G TC and the covariant derivative contains both the electroweak gauge interaction and the TC ones:
where g T C is the TC gauge coupling, g 2 is the electroweak SU (2) L gauge coupling and g 1 is the hypercharge coupling. W µ and B µ are the electroweak SU (2) L × U (1) Y gauge bosons respectively. A gauge invariant mass term can be added, where M is a matrix in flavour space given by
where M 1 is a Dirac mass for the charged doublets and M 2 a Majorana mass for the neutral singlets. Note that the mass for the doublets is automatically invariant under the custodial symmetry, in fact the above mass term explicitly breaks SU (6) → SO(4) × SO(2), while for M 1 = M 2 the unbroken symmetry is enhanced to SO (6) . The latter can be identified with the global symmetry left unbroken by the condensation, which preserves the electroweak symmetry. It is thus convenient to define the Higgs (and other pNGBs) around this vacuum, given by the 2-index symmetric matrix 5) with σ 2 being the second Pauli matrix. The 35-dimensional adjoint representation of SU (6) is easily seen to split into 15 unbroken generators T a forming the adjoint of SO(6) and 20 broken ones X i , which reside in a 2-index symmetric traceless 20 of SO (6) . Under the symmetry SO(4) × SO(2), which includes the custodial symmetry of the Higgs, the 20 pNGBs transform as
We see that compared to the minimal SU (5)/SO(5) model that contains a bi-triplet, a bi-doublet and a singlet, our model contains an additional bi-doublet and two singlets. Furthermore, the Higgs doublets and two singlets are charged under the global SO(2).
The vacuum and sigma model
The relevant degrees of freedom in the low energy dynamics can be described in terms of a non-linearly transforming pion matrix
where f is the decay constant, which sets the scale of the condensation, and π i are the Goldstone Bosons associated to the 20 broken generators X i . It is convenient, however, to describe the pNGB dynamics in terms of a linearly transforming matrix, defined as and
This allows to re-write the pNGB matrix as
where the β dependence can be removed by the pNGB field redefinition. Thus we can further simplify the vacuum structure by rotating away the outer U (β), at the price of absorbing it into the spurions that explicitly break this SU (6) rotation. In fact, because both the electroweak gauging and the mass term are invariant under U (β), any Lagrangian term involving them will be independent on β. 1 For the top couplings which do not commute with this rotation, specific treatment will be discussed in the Yukawa section. Then we can study the theory around the simpler vacuum that only depends on α:
At the leading order, the chiral Lagrangian is given by the kinetic term for Σ,
with
We recall that in our notation the electric charge equals Q = T 3 + Y . This Lagrangian contains the masses of W and Z gauge bosons
the latter fixing the relation between the pNGB decay constant f and the electroweak scale v SM = 246 GeV via the vacuum misalignment angle α. The linear couplings between the Higgs boson h and the vector bosons are given by 24) showing explicitly the universal coupling modification for composite Higgs models [35] [36] [37] . The couplings of two scalars to gauge bosons are reported in the Appendix B.1. A more general vacuum where custodial triplet CP even field ImΛ 0 acquires a vacuum expectation value and leads to custodial violated vacuum [31] is studied in Appendix B.2.
Discrete symmetries: CP and DM parity
Our model features a global SO(2) ∼ U (1) global symmetry that is preserved by gauge interactions and by the techni-fermion mass only for α = 0, i.e. before the electroweak symmetry breaking. This symmetry actually coincides with the rotation U (β) described in the previous section. In the Appendix B, we provide an alternative complex basis (U (1) basis) where the two Higgs doublets form a complex bi-doublet, H 1 + iH 2 , and two CP-odd singlets form a complex singlet η 3 − iη 2 , which are charged under this symmetry. In the complex basis, the U (β) is a e ±iβ mapping in the lower (2 × 2) block compared with the real basis (SO(2) basis). As a consequence once the electroweak symmetry breaking is induced, the ratio of two vacuum expectation values tan β can be rotated away as a phase, while the trace of SO(2) symmetry breaking is encoded in the mass splitting for the real and imaginary part of the complex field. However when we examine the gauge boson couplings with 2 pNGB fields, we can find no such interaction for the η 2 particle at the quadratic order, signalling a protection from an extra symmetry. Indeed, even after the Higgs obtains its VEV, our theory still enjoys a discrete Z 2 parity (with determinant −1), under which the second doublet and one singlet are odd. This parity denoted by 25) and it can be used to define a Dark Matter candidate. In the complex basis, the dark matter candidate is simply the imaginary part of the complex doublet and singlet. Although Ω DM is a good symmetry within the α angle misaligned vacuum, such parity will be broken by the U (β) rotation due to the property of Ω DM U (β)Ω DM = U (β) † . This indicates that the SM fermions can not couple to the second Higgs in order to conserve the Dark Matter parity, as we will discuss more in detals in section 2.4. In our effective theory, the CP parity is well defined from the operation which can hermitian conjugate the sigma matrix and change the sign of CP-odd particles. In the real basis, the CP operator is accidentally the remnant symmetry of U (β), (note that Ω CP is not a subgroup of U (β) in the complex basis):
with φ odd denoting the CP-odd pNGBs in this model. The operation of Ω CP .Σ 0 (x) † .Ω CP , where Σ 0 (x) is the sigma field before EWSB, is to change the sign of odd particles and conjugate them if not neutral. Thus combined with the operation of Ω CP .U (α, β).Ω CP = U (α, β) * , a hermitian conjugation effect is produced for the sigma field after the vacuum misalignment. Unlike the DM parity discussed above, the CP operation is compatible with both the α and β angles in our model. As we can see, under this parity the CP-even fields are h, H 0,± and
and the other fields are CP-odd.
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Wess-Zumino-Witten topological term
A term in the effective Lagrangian that typically breaks parities in the pNGB sector is the Wess-Zumino-Witten (WZW) topological term [38, 39] . It allows CP-odd pNGBs to decay to gauge bosons via the anomaly of the global symmetry. The coupling of one scalar to two gauge bosons originate from the following action [40] :
with the overall coefficient C = −i d ψ 48π 2 , and d ψ stands for the rep dimension of ψ in the TC gauge theory. The differential forms A and dΣ are defined to be:
where A µ is the EW gauge fields embedded in the global SU (6) symmetry, so that
After integrating out by parts, the above action yields anomaly interactions in the form of
µν , where V µν is the tensor field for gauge bosons W ± , Z, A andṼ µν = µνρσ V ρσ . We find out that two Higgs doublets, η 2 and λ 0 = − i √ 2 (Λ 0 −Λ * 0 ) remain anomalous free. This indicates that the WZW interactions conserve the DM parity so that no decays are induced for the two CP-odd fields (η 2 and A 0 in the second Higgs doublet) thanks to the remaining Z 2 symmetry after a global O(2) symmetry is broken. However we can obtain the anomaly interactions for other CP-odd scalars and the explicit expressions for these coefficients are listed in Table 1 . We can observe that for the SU (6)/SO(6) model, the WZW coefficients for the charged triplet fields φ + , Λ + and Λ ++ are exactly the same as in the SU (5)/SO(5) scenario due to the similar bi-triplet structure [37] . However the major difference arises from the neutral scalars because of a more complicated singlet sector. For η 1 , η 3 , φ 0 and
, their couplings with W, Z, A gauge bosons can be schematically parameterised as:
where those κ V V can be read off from the full coefficients in Table 1 . In particular we find out
κ AA . For the latter two expressions, the c 1,2 come from the piece orthogonal to the photon generator. One interesting pattern exists that only the η 1 and φ 0 have non-vanishing anomaly couplings to AA (diphoton) and ZA. While for η 3 and
, they share the same coupling κ ZZ,3 to a pair of Z bosons, but subleading as ∝ sin 2 (α).
Loop-induced potential for the pNGBs
We will now briefly discuss the effect of loops of tops and gauge bosons on the pNGB potential. The techni-fermion mass also plays a role.
The top and bottom Yukawas: bilinear Operators
We will assume here that the Yukawa couplings are generated via 4-fermion operators connecting the elementary quarks (and leptons) to the techni-fermions, which are bilinear in the elementary fields. As we are interested in the contribution to the pNGB potential, we focus on the fermions with the largest couplings, i.e. top and bottom quarks. The 4-fermion interactions, bilinear in the SM fields q L , t c R and b c R , are given by:
where δ is a SU (2) L index and P δ 1,2 (defined in Appendix.A.1) are projectors that select the two components of ΨΨ T transforming as the Higgs doublets. The above equation is a generalisation of the four fermion interactions introduced in Ref. [22, 24] . This operator is required to observe the SU (2) L × U (1) Y symmetry as well, so that by setting α → 0, we can find that t L,R couples toH 1,2 and b L,R couples to H 1,2 . This scenario is inspired by Extended Technicolor models [9, 10] , where they are generated by gauge interactions, and by Bosonic Technicolor model [41] , where they are generated by scalar exchanges (similarly to what happens in partial composite Higgs models [42] ). In order to explain the large hierarchies in the quark masses it is clear that the generation of 4-fermion operators for different flavours cannot happen just at one single scale Λ t . Also, the scale where the top interactions cannot be too high without suppressing the mass, while generating all masses at the same scale will also induce flavour-violating processes that are highly constrained. All this points towards a multi-scale scenario. Another mechanism involves linear couplings of the elementary fermions, thus generating fermionic partial compositeness [43] , which we will consider in the next section.
In the Effective Lagrangian, the 4-fermion interactions are replaced by effective operators in terms of pNGB matrices, with the couplings in Eq.(2.29) replaced by effective couplings that contain form factors form the strong sector: y ti →Ỹ ti and y bi →Ỹ bi . As we already discussed, it is most convenient to study the theory in the basis where the β will be absorbed into spurions and pNGB redefinition according to Eq. (2.19) . This implies that the projectors transform by P δ 1,2 → U T β · P δ 1,2 · U β , which is equivalent to rotate the Yukawa couplings:
(and similarly for the bottom) with Y t1,2 carrying dependence on β. Simultaneously the H 1 , H 2 , η 2 and η 3 which are charged under the U (β) ∈ SO(2), will undergo the rotation of U (β) † ξ(x)U (β) * , such that:
The Effective operator for the top Yukawa couplings reads
After expanding to the first order in the pNGB fields, we obtain
Top mass is, therefore, proportional to Y t1 only, which is the coupling to the doublet combination that carries the vacuum expectation value α, leading to
The second coupling, Y t2 , only characterises the couplings to DM candidate, e.g. the second doublet as well as singlet η 2 . The mass of the bottom quark is generated by a very similar operator
A loop of top and bottom quarks generates a potential terms for Goldstone fields, which reads
with C t being a from factor from the strong dynamics, including the loop factor. To understand the effect of this operator on the vacuum alignment, we need to expand it in the pNGB fields, and ensure that no tadpoles for the pNGBs remains. This would ensure that the vacuum defined by α is a minimum, and fix the value of the angles α and β. The tadpoles read:
where R and I indicate the real and Imaginary parts respectively. The potential generates tadpoles for many neutral pNGBs: some of them, however, are easily accounted for. The tadpole for the Higgs-like state h vanishes once the value of α is chosen, and for C t < 0 (as expected for fermion loops) it leads to α = π/2. The H vanishes by fixing β, which is implicitly contained in the Yukawa couplings. Note that if the Yukawa couplings in the up and dow sectors are aligned (as required to avoid flavour changing neutral currents), the minimum can be determined by the vanishing of the second Yukawa, Y t2 = Y b2 = 0, leading to:
In this aligned scenario, the dark matter parity is preserved, as the effect of β completely vanish, i.e. we get one inert copy of Higgs doublet. The tadpoles for A 0 and η 2 vanish in the aligned scenario (consistently with the Z 2 parity), but can also be removed once the Yukawas are assumed CP-conserving (i.e. real). The only problematic tadpole arises for I(Λ 0 ): it is proportional to difference of top and bottom physical Yukawa couplings, i.e. to the violation of custodial symmetry in the quark masses. As such, it cannot be removed, but it will generate a dangerous custodial-violating vacuum misalignment, which is strongly constrained by the ρ parameter. This is the main reason why, in the reminding of the paper, we will focus on fermion partial compositeness that allows to avoid this issue without fine tuning [31] .
Techni-fermion mass
The techni-fermion mass breaks explicitly the global symmetry SU (6), thus it will generate masses (and a potential for the pNGBs), in the form
where M is the mass term in eq. (2.4) and B is a form factor that can be determined on the lattice, if an underlying theory is specified. It is convenient to define 42) so that in the limit δ → 0 the full SO (6) is recovered. Expanding the potential up to linear terms in the fields, we obtain
We see that the only tadpole involves the Higgs h and that it will vanish once the angle α is fixed at the minimum. The contribution to the pNGB masses at the quadratic order can be found in the Appendix A.3, where the relevant cubic interactions are listed as well, which conserve both the DM Z 2 parity and the CP property.
Gauge loops
The contribution of gauge loops to the pNGB potential can be written as [21, 44] :
where C g is an low energy constant fixed by Lattice simulations. Expending up to linear terms in pNGB fields, we get
It is observed that the only contribution from gauge potential would lead to minimum at α = 0 for C g > 0 (C g remains positive for any vector like confining gauge theory [45] ). Hence, the radiative contribution from gauge fields always tends to align the vacuum in the direction that preserves the EW gauge symmetry. At higher order, the gauge potential contributes to the pNGB mass and cubic interaction terms, which are described in Appendix.A.2.
Top Partial Compositeness
We showed that the potential from the bilinear operator always generates a tadpole term for the CP-even component, Im(Λ 0 ), in the complex triplet, as illustrated in eq. (2.39). For this reason we analyse the case of top quark mass generated by partial compositeness, where the bilinear couplings are replaced by linear couplings of q L and t c R to fermionic operators in the strong sector. In an underlying theory, this implies an extension of the model with a second species of technifermions [46] or scalars carrying technicolor charge [47] .
We will analyse the potential by writing effective operators containing the spurions from partial compositeness: as shown in Ref. [31] for SU (5)/SO(5) coset that shares the same triplet structure as our model. We thus couple the top fields to composite operators transforming as the adjoint of the global SU (6), so that the single trace operator with 2 sigma fields and 2 adjoint spurions can generate quartic interaction for the Higgs potential. For a correctly defined vacuum, the tadpole terms for all pNGB fields should be removed after we choose appropriate combinations of spurions. Particularly for the fields developing VEVs, the corresponding tadpole terms will automatically vanish at the minimum of the potential. After studying the pattern of couplings allowed by the absence of tadpoles, we will briefly study the possible underlying models leading to such scenario.
Adjoint Representation
In order to assist the embedding into the SU (6) representation, we need to assume the existence of an additional U (1) X charge, so that the electric charge of the top partners is Q = S L,3 + S R,3 + X, with X = 2 3 . The origin of this charge will be clear in the underlying models detailed in the next section. For SU (6), the adjoint representation is a 35-plet, which decomposes under the unbroken SO(6) as 20 ⊕ 15, respectively the symmetric and adjoint (anti-symmetric). Their respective decomposition under the SU (2) L × SU (2) R custodial symmetry is:
In the following we will write the operators in an explicitly SU (6) invariant way, which was shown to be equivalent to writing SO(6) invariant ones in Ref. [31] . Nevertheless, as we will see later, it is important to distinguish the SO(6) representation the spurions belong to. Thus, q L can be embedded in any of the 4 bi-doublets (2, 2), while t c R will be into the 4 singlets (1, 1) and in the T 3 R = 0 component of the SU (2) R triplet (1, 3). Hence, for the left-handed quark doublet, the four possible embeddings read
In the above basis, we can see that the two spurions in the right column, with i = 2, 4, belong to the symmetric representation of SO (6) 
L,S ) T , while the ones on the left, with i = 1, 3, belong to the adjoint (anti-symmetric) as D
The right-handed singlet top can be embedded in five possible ways: the 3 singlets (1, 1) in the 20 symmetric and the (1, 1) and (1, 3) in the 15 antisymmetric. For the latter, they correspond to the generator of the U (β) rotation and the S R,3 generator respectively. In analogy to the left-handed scenario, we can find that D 1,2,3
R,A ) T . Explicitly, we have:
In general, the spurions D L and D R are linear combinations of the above matrices:
where, without loss of generality, all the coefficients Q A/Si and R A/Si are assumed to be complex. The top mass is generated by the operator [48, 49] :
The formula above shows that the top mass is only generated by the product of spurions belonging to different representations of SU (6), thus we can envision two minimal options: I) left-handed q L in the anti-symmetric 15 and right-handed t c R in the symmetric 20, II) vice-versa.
The pNGB potential generated by top interactions can be constructed by using the same spurions, stripped of the fields and with the SM indices properly contracted [31, 48] . For the adjoint, the leading order potential contains two operators:
To simplify the analysis, we will focus on the two minimal scenarios giving rise to the top mass, but our conclusions will be general. Focusing on the scenario I), where the left-handed top and bottom are in the anti-symmetric and the right-handed top in the symmetric, the potential up to tadpole terms generated by the left-handed spurions reads
while for the right-handed spurions we have:
Requiring the second Higgs to be inert, the tadpole conditions are:
There are two solutions that preserve a non-vanishing top mass: however, the choice Q A1 = R S1 = R S2 = 0 would lead to a potential V top ∝ cos(2α) that allows for a minimum at α = 0 or π/2. The only viable solution is therefore R S3 = Q A3 = 0, for which the potential contains both cos(2α) and cos(4α) terms. Interestingly we find out that only after imposing the tadpole vanishing condition, the cubic pNGB interactions induced by the top spurion potential will conserve the DM parity defined in section 2.2. For the scenario II), where the left-handed top and bottom are in the symmetric while the right-handed top in the anti-symmetric, the potential generated by the left-handed spurion reads
while for the right-handed spurion:
Requiring the second doublet to be inert, the general tadpole conditions are:
which can be fulfilled by requiring Q S2 = 0 or Q S4 = 0, plus the condition of R A4 and R A5 with the same phase. However, in either case the potential will be ∝ cos(2α), thus not allowing for a physically acceptable vacuum. In summary we found that the only viable choice for the spurions that preserved the Dark Matter parity requires that the non-vanishing suprions are: Q A1 , R S1 and R S2 . Hence the top mass operator, expanded up to linear order in the pNGB fields, reads: 
Underlying theories based on fermion-gauge interactions
Models of composite Higgs with fermion partial compositeness can be described in terms of underlying gauge-fermion theories [46, 50] . These theories consist of a confining TC gauge group, and two species of techni-fermions belonging to different representations of the TC group. Requiring that the theories confine without falling inside the infra-red conformal window strongly limits the number of available TC groups [35, 37] and only allows for generating (light) partners for the top quark. Here we will identify models from the list in Ref. [46] that can be extended to accommodate the SU (6)/SO(6) coset in the Higgs sector. The template for the models is illustrated in Table 2 , where we list the minimal set of techni-fermions and their quantum numbers under the SM gauge symmetries. The table clearly shows the origin of the U (1) X we assumed in the previous section, as it is simply the hypercharge carried by the χ techni-fermions. To determine the allowed G TC and representation, we will start from the list in Ref. [46] , add one additional ψ and verify that the model is still outside of the conformal window. For the latter, we made use of the conjectured all-orders beta function of Refs [51] : this would be a very conservative estimate as this method is the most constraining one [52] [53] [54] . We are thus left with the following choices:
Thus, for both models the complete global symmetry of the strong dynamics is SU (6) × SU (6) χ × U (1)/SO(6) × SO(6) χ , where U (1) X is embedded in SO(6) χ . The global U (1), which is spontaneously broken by the techni-fermion condensates, leads to a potentially light pseudo-scalar, whose properties have been extensively studies in Refs [35, 55] .
Defining this underlying theory allows us to write explicitly the 4-fermion interactions that give rise to the 3 spurions we need in the minimal model with Dark Matter. For the left-handed top doublet, we have:
For the two right-handed top spurions, we have
The ψ fermions appearing in the above expressions follow the matricial expressions of the spurions in Eqs (3.2) and (3.3). From the above expressions, we can deduce that all spurions can be made real by choosing the phase of the SM spinors q L and t c R , and the overall phase of the χ techni-fermions. Also, a Baryon number charge can be assigned to both χ's, so that it remains preserved. The origins of such couplings need to be traced to the ultra-violet completion of the model, where an extended TC group may be able to account for them. Note also that repeating the same mechanism for all SM fermions by introducing more χ's at different scales, can be used to complete the model to a ultra-violet interacting fixed point (asymptotic safety).
As a final comment, we would like to recall that such underlying theory can be studied on the lattice, thus allowing to calculate the properties of the low energy states, including masses and couplings of the resonances. Studied of theories with two species of fermions are already available in the literature, but only based on Sp(4) [56] [57] [58] and SU (4) [59] [60] [61] [62] gauge groups, while no result is available for the TC groups leading to our model.
pNGB mass spectrum
We will now focus on studying the mass spectrum of the pNGBs. Following the discussion in the previous section, we will focus on the scenario where only 3 spurions in the top sector are non-vanishing: this ensures that the vacuum misalignment is described by a single angle α, such that v = f sin α, the Dark Matter parity is preserved and a non trivial vacuum is allowed. In the following, we will parametrise the 3 spurions as
Note that R S and R S combinations are not orthogonal, but we choose them for future convenience and simplicity of formulas. As the coefficients C LL and C RR always multiply the spurions Q A and R S , we can fix the latter Q A = R S = 1 without loss of generality. The model has 4 additional parameters:
As we will see in the following section, two of them can be fixed by requiring that the misalignment reproduces the electroweak scale and the value of the Higgs mass. Thus, we are left with 5 free parameters describing the model.
Higgs Potential and free parameters
The pNGB potential, which is generated by gauge loops, the techni-fermion mass term and top spurions, contains terms equivalent to the quadratic and quartic terms in the Higgs potential. For this model, we can conveniently parametrise the Higgs potential as:
where the C 4α term is equivalent to the Higgs quartic term. The minimum is given by cos(2α)| min = −C 2α /(4 C 4α ), thus a small misalignment angle would require C 2α −4 C 4α . For our choice of top spurions, the two coefficients are given by
where C LL/RR characterise the spurion contribution and determined by the loop form factors as well as pre-Yukawa coefficients y L,R of top quarks from the partial compositeness, so that C LL ∝ y 2 L , C RR ∝ y 2 R , and m 2 t ∝ C LL C RR . This result is similar to the one obtained in the model SU (5)/SO(5) [31] , except that we get one more degree of freedom in the pNGB potential. In particular the additional right-hand spurion encoded in the parameter r does not appear in C 2α and C 4α . The mass of the Higgs boson, which is proportional to the second derivative of the potential with respect to α, is given by
Thus, we can re-express two of the 7 free parameters in terms of m h and sin α = v/f :
7)
The remaining free parameters are thus r, Bm, δ and C g . The last one, which is the coefficient of the gauge loops, can be computed on the lattice. In Ref. [63] , in a model based on a TC group SU (4), it was found that the coefficient is numerically very close to the value found in QCD and determining the mass splitting m π ± − m π 0 . By comparing the formula of the QCD mass splitting [64] with the typical pNGB mass contribution in our model (see Appendix ??): The plots illustrate the mass spectra as functions of α, C g and Bm at selected benchmark points. The m A 0 becomes negative at the lower limit of x-axis; however a singlet mostly aligned with η m turns to be tachyon for upper limit of x-axis. The light blue area is theoretically unaccessible due to existence of tachyons. Either m η 2 or m A 0 can be lighter depending on the parameter space.
with C LR ≈ 30 f 4 , we estimate
This value should be considered just as a reference point, and in the following we will consider it as a free parameter.
pNGB mass spectrum
We will now analyse the masses of the non-Higgs pNGBs as a function of the remaining 5 free parameters: δ, α, C g , Bm, and r. First we observe that the parameter δ, encoding the explicit breaking SO(6) → SO(4) × SO(2) in the techni-fermion mass term, will not generate any mass splitting within each multiplet of the custodial symmetry. On the other hand this δ does not enter into masses of the second Higgs doublet and prevents the degeneracy between two CP-odd singlets, thus crucial for the understanding of the mass patterns. The parameter r, encoding the additional spurion for the right-handed top, only enters the masses of η 2 , H 0,± , and A 0 , not the spectra of other pNGBs. Following the analysis of the underlying models, we can safely assume that it is real. Results for the numerical spectra as a function of a single free parameter, fixing others at selected benchmark points, is shown in Figure 1 , where the vertical light blue bands exclude the parameter space unaccessible due to the presence of a tachyonic state that is forbidden by vacuum consistency, although the lower limit band might disappear for other benchmark points. We first focus on the Z 2 odd states, which constitute candidates for Dark Matter in this model. The analytic expressions for the second Higgs doublet (H 0 , H ± and A 0 ) and the η 2 singlet can be expanded in the limit of small sin α, yielding
From the above equations, we can see that there is always a hierarchy m H ± m A 0 , with mass splitting proportional to C g > 0. Furthermore, this mass splitting will remain small, being proportional to the W mass. The mass difference (m 2
), instead, depends on two parameters, r and C g , and for r > 1/7 and 0 < C g < 0.1 the mass of m H 0 is larger than the mass of charged Higgs in case of no tachyons. The bound on r is also constrained by the condition of absence of tachyons, with the lower limit cut off by m 2 η 2 > 0, and the upper limit coming from m 2 A 0 > 0. This shows that r plays a crucial role in ensuring the stability of the Dark Matter by preventing dangerous tadpoles in this sector. As an example, for a benchmark point α = 0.1, C g = 0.05, Bm = 10 GeV and δ = 0.5, r will roughly range between [0.45, 0.9]. The numerical results in Fig. 1 show already interesting features of the spectrum: the lightest state is always an CP-odd neutral state, either A 0 or one Z 2 -even singlet. While for the DM candidate, there is a switch between A 0 (being almost degenerate with H ± ) and the singlet η 2 . We can recognise that the real and complex triplets are the heaviest states provided that α, C g and Bm are not too small. In addition, the states belonging to the same SU (2) L multiplet tend to be degenerate (we will further explore this feature at the end of this section).
We now move to the Z 2 even states. There exist two unmixed states, λ 0 and Λ ++ , that remain close in mass due to the custodial symmetry. Their mass expressions can be read off from the potential:
The other components of the triplets and remaining singlets feature non-trivial mixing. For the two singly-charged states, Λ ± and ϕ ± , the 2 × 2 mass matrix can be parametrised as 17) with elements
Neglecting correction at the order sin 4 α, the mass eigenvalues are approximated as
This implies that, in the charged sector, the mass spectra are dominated by the diagonal elements. The mass splitting between Λ + and ϕ + can be remarkably small for small α since the dominant part (N Λ + Λ + − N ϕ + ϕ + ) is proportional to C g / sin 2 α. This characteristics is visualised in the bottom-left plot in Figure 1 , where the separation between the red dotted line and the blue solid line becomes larger as C g increases.
In the neutral sector, the mixing is more complicated by the presence of 4 CP-odd states, λ = 1 √ 2 (Λ 0 + Λ * 0 ), ϕ 0 , η 1 and η 3 , which mix via a 4 × 4 mass matrix. In order to simplify the analysis, we can first rotate the two singlets as follows:
This choice is motivated by the fact that only η m appears in the gauge and top spurion potential, while terms involving η p only appear in the potential generated by the techni-fermion masses. Thus, for Bm = 0, η p would remain exactly massless, and a non-zero techni-fermion mass is therefore required to avoid this. The neutral mixing can be parametrised as:
where we split the matrix V N in 3 terms:
proportional to different mass scales. The explicit expressions for M 1 , M 2 and M 3 are listed below:
We observe that the two singlets η m and η p can mix significantly due to the M 3 term, proportional to Bmδ. While the mixing between the triplets tends to be small. Hence at the leading order, one can approximate
This pattern is clearly illustrated in Fig. 1 . Note that we label the mass eigenstate with the name of the gauge eigenstate that constitutes its major component. Concerning the two singlets, η m and η p , their masses are rather different as only one of them receives a mass from the top and gauge interactions. In particular, the mixing effects from the Bmδ term are only important in the region where the two masses are close, i.e. m ηm m ηp . In Fig. 1 this can be observed from the two separate cyan lines (for δ = 0 they will be two intersecting lines), where we see a level flip where the two lines approach each other, as a sign of discontinuous spectra for η m and η p due to mixing effects. And the upper limit for the parameters in the figure is always set by m 2 ηm > 0. Now that we know the general features of the spectrum, it is needed to better understand the region of parameter space where our choice of vacuum alignment, where the Dark Matter parity is preserved, remains consistent. To do so, we need to impose that no tachyon appears in the pNGB spectrum. We thus sliced the parameter space by fixing two parameters and scanning over the remaining two. In Figure 2 , we show the allowed parameter space for four sample choices. In these plots, the blue coloured region indicates where m 2 η 2 < 0, the cyan region marks det(V N ) < 0, while the orange region stands for m 2 A 0 < 0, leaving the white band to be the non-tachyonionic consistent region. We remark that there is no constraint from the charged states, so that no vacua breaking the electromagnetic charge arise. In the top-right plane, C g -Bm, values Bm < 0 are excluded by the presence of a tachyon for the pseudo-scalars (corresponding to η m ). The two plots, c) and d) in the lower row, confirm that r > 0 and a minimal value is necessary in order for η 2 to be non-tachyonic. We also see that the white band always interpolates between a tachyon in η 2 and one in A 0 , meaning that the lightest odd state flips between the two in between: we thus mark the demarcation line in red, where m η 2 = m A 0 . The section tagged with "η 2 ", close to the blue colour edge, corresponds to m η 2 < m A 0 so that η 2 is the DM candidate. Note that in a larger portion of allowed space, the CP-odd Higgs A 0 is more likely the lightest Z 2 -odd particle. The plots in the top row also show that there is always an upper bound for C g , above which a pseudo-scalar becomes tachyonic. Numerically, we find C g 0.08 for the benchmarks we considered, value that is at odds with the lattice estimate in Eq. (4.10). Thus, a realistic underlying description for this model should somehow feature a smaller value. We also see an upper bound on α: as we will see in the next section, this upper bound is actually competitive with the typically strong bounds coming from electroweak precision observables.
To complete our understanding of the mass spectra, we performed a numerical scan for the 5 free parameters in the ranges 0.02 < α < 0.2, 0 < Bm < 40 GeV, 0.01 < C g < 0.09, 0.1 < r < 1.5, and 0.2 < |δ| < 0.5. Furthermore, we require the mass squared of all pNGBs to be positive so that all points shown are consistently tachyon-free. In Figure 3 , we show the mass splitting between the neutral and charged states as well as the mass correlation among the 3 singlets. In plot a), the correlation between (m λ − m ϕ 0 ) and m λ is displayed, which indicates that the mass gap between the two neutral states can be relatively large, ∼ 100 GeV for a m λ in TeV scale, consistent with the analytic result. The same applies to (m Λ + − m φ + ) due to the mass degeneracy inside each multiplet. However the situation is opposite for the doublet. As illustrated by plot b), the mass difference among H 0 and H + is notably large for small m H 0 because of the r dependence, while the plots c) and d) show that (m Λ + − m λ ) and (m H + − m A 0 ) are mainly in sub-GeV scale. The mass correlation among 3 singlets, η 2 , η m and η p , is presented in plots e) and f): we can clearly see that m ηp goes to zero for very tiny Bm, and η m , η 2 can also be arbitrarily light. Thus, the presence of light CP-odd states can be probed by typical axion-like-particle (ALP) searches coupling to two photons, as we will discuss in the next section. In particular, in plot e) we observe two branches while a small wedge along the diagonal line m ηp = m ηm is unpopulated. This signals the fact that the mixing terms spoil the degeneracy for δ = 0, since the mass eigenstates are labelled with the gauge eigenstate that matches its largest component.
Phenomenology
In this section we will briefly comment on some phenomenological aspects of this model. A complete study is well beyond the scope of this paper, and we leave that to further studies.
Electroweak precision tests
Electroweak precision tests receive corrections due to the composite nature of the Higgs and to the presence of the composite sector. They can be expressed in terms of the oblique parameters [65, 66] S and T . Following Ref. [67] , we split the contribution in 3 pieces encoding, respectively, the effect of the modified Higgs couplings, the presence of light states (additional pNGBs) and the strong dynamics:
The first term for both is universal to all composite Higgs models as it only depends on the modification of the Higgs couplings to W and Z, while the cut-off dependence should be related to the mass of the lowest non-pNGB resonances (we can safely assume Λ ≈ 4πf ). The last term encodes the effect of the strong sector itself. As the custodial symmetry is embedded in it, we expect that ∆T TC ≈ 0, while the S parameter can be sizeable. Taking the approximation in Ref. [68] , appropriately corrected by a factor of sin 2 α = v 2 /f 2 , it can be expressed as
where d ψ is the dimension of the fermions ψ under the confining interactions, and the factor of 2 counts the fact that there are 2 SU(2) L doublets in our model. For the underlying models discussed in Section 3.2, we have d ψ = 8 for SO(7) TC and d ψ = 16 for SO(9) TC . This contribution can also be computed on the lattice, provided that the double-counting between the light pNGBs (including the Higgs) and the strong interactions is properly taken into account [69] . Note that calculations in terms of loops of the lowest-lying resonances (vectors and top partners) are also available [70] , however they are only trustable if those states are light and weakly coupled to the pNGBs.
In the remaining, we will focus on the contribution of the pNGBs, which is the one better under control in the effective description. In our model, besides the Higgs, only the triplets and the second doublet will contribute. The effect of the triplets is similar to the Georgi-Macachek model [28] , and it has been discussed extensively in Ref. [71] . The results show that the correction to the S parameter is always small and well within the experimental error, while the contribution to the T parameter can be sizeable if a largish mass splitting between the triplet components is generated. The case of the inert second Higgs doublet has also been extensively studied [72] , leading to similar conclusions: while the contribution to S is always small, the one to T can be sizeable. We can thus express the contribution to T as
The contribution of the doublet can be conveniently be written as [72] 
which is always negative because of the hierarchy m H 0 > m H ± m A 0 , and always small because of the near degeneracy of H ± and A 0 . For the triplets the expression is more complicated (see Ref. [71] ), however it will always vanish when the components in each multiplet are near-degenerate: this is exactly the case in our model where the mass splits within each triplet are always within a few GeV. The only remarkable property is that δm 2 triplets can be wither positive or negative. As we expect |δm 2 | ≈ few GeV 2 , the effect of the pNGBs is always negligible and the bound on sin α is dominated by the contribution of the Higgs couplings and the TC sector. For the two models we find sin α 0.16 (SO(7) TC ) , sin α 0.14 (SO(9) TC ) , (5.6)
To conclude this section, we would like to mention another mechanism that may reduce the constraint on α from electroweak physics, namely the presence of a light 0 ++ resonance, possibly associated to an IR conformal phase right above the condensation scale. This case has been studied in detail in Refs [67, 73] .
Light singlet η p phenomenology
The pNGB spectrum contains many new scalars besides the Higgs (and the Dark Matter candidate). Among them, we identified one pseudo-scalar singlet which can receive a mass only from the techni-fermion mass term Bm, thus it can be arbitrarily light. This is a peculiar feature of the SU (6)/SO(6) model that did not appear in the more minimal SU (5)/SO (5) case. We will thus briefly establish the constraints on such a light state.
Notably, it only features single-couplings to the electroweak gauge bosons via the WZW anomaly, while couplings to the top are absent. If we assume the same type of operator as responsible for the other quark and lepton masses, it is safe to assume that couplings to all SM fermions are absent. It is also simpler to study the couplings in the limit of small α, as required by electroweak precision tests. From Section 2.3 we see that excluding the heavy triplet, only η 1 has couplings at the leading order, i.e. not suppressed by powers of α. In the following, we will adopt the same notation used for axion-like particles (ALPs) [74] , and use the results from Refs [74, 75] at current experiments and future colliders.
In the limit α → 0, the couplings from the WZW term can be written in terms of gauge eigenstates as
where in our model (see Table 1 )
In the neutral sector, the couplings can be rewritten in terms of mass eigenstates (the photon and the Z) as follows
For the light mass eigenstate, η p , an additional factor of 2/5 appears due to the change of basis. We will thus express all the constraints in terms of the coupling to photons:
where we have used v = f sin α, and used the reference values for the model based on SO(7) TC . For light masses, below m Z , the only open decay channel is in γγ. An comprehensive collection of current bounds can be found in Ref. [74] : for this value of the coupling to photons, the leading constraint is coming from beam dump experiments [76, 77] , leading to m ηp 1 GeV. At higher masses, colliders provide the leading constraints, but reaching down to couplings of the order of 0.1/TeV. Projections for future colliders can be found in Ref. [75] . The most sensitive machines are e + e − colliders: the FCC-ee option considered by the authors offers the best reach up to masses of m ηp ≈ 100 GeV, and reaching down to couplings |C ηp γγ |/Λ 10 −4 /TeV. The latter would correspond to sin α 10 −3 , implying a severe fine-tuning in the misalignment. On the other hand, CLIC seems to fall short of the typical value of the coupling, thus it would not be able to improve significantly the limits. Hadron colliders can also probe this state via decays of the Z boson, Z → γa → 3γ, via the coupling C γZ . Rescaling the results of Ref. [75] , we estimate that the high-luminosity LHC run (with integrated luminosity of 3/ab) could probe |C Other potentially sensitive channels include h → η p η p and h → Zη p , via couplings generated by loops. However, due to the absence of a coupling to tops in our models, these effective couplings are very suppressed and not leading to significant bounds. Similarly, couplings to fermions can be generated by loops of the WZW interactions, however leading to very small couplings.
Conclusions and outlook
The breaking of the electroweak symmetry by means of a confining strong dynamics is still a valid alternative to the Higgs sector of the SM. Generically, models based on strong dynamics are natural (thanks to the absence of light elementary scalars) and predict heavier new physics states compared to weakly coupled options like, for instance, supersymmetry.
Motivated by gauge-fermion underlying descriptions, which allow to study the strong dynamics on the lattice, we focused in this paper on a non-minimal coset SU (6)/SO (6) . While a large number of light pNGBs are predicted, the model can be described by a minimal underlying model consisting of 6 Weyl fermions in a real representation of the confining gauge group. This model is an extension of the original Georgi et al. model based on SU (5)/SO(5), which contains electroweak triplets. In our extension, a second Higgs doublet appears, accompanied by two additional singlets. The main motivation behind this extension is the fact that the second doublet and one singlet can be made stable thanks to a conserved
We also introduced partial compositeness for the generation of the SM fermion masses: besides the usual considerations based on flavour, this set up is required in this model by the absence of a misalignment of the vacuum along a custodial-breaking triplet direction. Thus, we showed that partial compositeness with the fermions embedded in the adjoint of SU (6) can avoid this issue while successfully generate fermion masses and the correct Higgs potential. This set up can be achieved by two underlying models based on confining gauge groups SO(7) TC and SO(9) TC , respectively.
In this work we studied in detail the vacuum structure of the model and the typical spectra of the pNGBs. We find that the typical mass split between components of the same electroweak multiplet are very small, thus breaking of the custodial symmetry at loop level is suppressed. Typical electroweak precision bounds thus force the misalignment angle to be sin α 0.16, with the main contribution to the S parameter coming from the strong sector (this may be reduced thanks to the resonance contribution). The pNGBs have some remarkable properties that make this model very interesting from the phenomenological point of view.
First, the Z 2 -odd states always contain a lightest neutral state that may be a good Dark Matter candidate. We identify two regions of the parameter space: one where the lightest is a CP-odd singlet, η 2 , and another where the lightest is part of the second doublet, A 0 . In the latter case, the charged Higgs remains near-degenerate, with mass splits of the order of a few GeV. On the other hand, the other neutral state H 0 is always heavier, thus suppressing potential direct detection bounds via the Z boson exchange. This patterns is very distinctive and different from other non-composite 2HDMs.
A second interesting feature is the presence of a Z 2 -even pseudo-scalar, η p , that does not receive a mass from the top and gauge couplings: the only mass is generated by a technifermion mass, thus it can be arbitrarily small. It only couples to the electroweak gauge bosons via the WZW anomaly, while couplings to fermions are absent at linear level. We studied the bounds for light masses, which dominantly come via the couplings to photons. A lower limit is given by beam dump experiments, requiring m ηp 1 GeV. The couplings are however too small to be reached by current collider experiments at the LHC. However, the high-luminosity run of the LHC with an integrated luminosity of 3/ab may be able to improve the bound on sin α for masses m ηp < m Z via the search for Z → γη p → 3γ. A 100 TeV collider, however, has a much better reach, besides being able to directly produce heavier spin-1 and spin-1/2 resonances. Thanks to the coupling to photons, a future e + e − collider like FCC-ee has a very good reach for m ηp 100 GeV via production in association with a photon. Thus, a combination of e + e − and hadronic colliders is needed to fully probe the model.
Appendix

A Details of the Model
Generators of SU(6) : The unbroken generators S i , i = 1, . . . 15 and broken generators X a , a = 1, . . . 20 satisfy the following condition:
where S L,R are generators for the SU (2) L × SU (2) R respectively. The generators for the two Higgs doublets are:
the other generators associated with other pNGBs:
with i = 1, 2, 3, where X i , X i+3 are generators of the complex triplet Λ, and X i+6 are for the real triplet ϕ. Three remaining broken generators X 18 , X 19 and X 20 correspond to the singlets η 1,2,3 :
, where σ i , i = 1, 2, 3 are the standard Pauli matrices.The additional 9 unbroken generators can be expressed as:
A.1 Projectors for 4-fermi operators P δ 1,2 for generating top quark mass are defined as:
1,2 for generating bottom quark mass are defined as:
A.2 Gauge Potential
The contribution of gauge loops to pNGB potetial at leading order. This would contribute to the masses to the corresponding pNGB.
Expanding the gauge potential into the cubic order, we find the trilinear interaction related to DM candidates of η 2 and second Higgs doublet:
as well as the first Higgs interacting with other scalars:
A.3 TF Mass potenial
The TF mass term will generate mass terms for the pNGB:
Expanding to the cubic order, we can find the following interactions:
B An alternative complex basis
In this section, we modify the real basis by changing the broken generators related to H 1 and H 2 and 2 singlets, so that the two Higgs mix in Π. We can call it complex basis since this translates the SO(2) symmetry into a U (1) symmetry. We choose a slightly different Σ EW for this new basis:
so that the broken and unbroken generators are defined with respect to this reference vacuum according to Eq.A.1. For the 2 Higgs doublets: The broken generators X i , i = 1, · · · , 9 associated with the complex and real triplets are the same as Eq.A.7 in the real basis, so is the generator for the η 1 singlet, while the generators for η 2 and η 3 switch with each other : with i = 1, 2, 3. The remaining unbroken generators will be omitted due to irrelevant for Lagrangian. Note that in this complex basis, EW symmetry is embedded in an appropriate approach so that the electric charge equals Q = S 3 L + S 3 R . The vacuum misalignment can be achieved by a SU (6) rotation U (α, β) = U (β)U (α)U (β) † , with U (α) and U (β) expressed as: The generators closing under the SU (2) As we can see, the Eq. 2.23 and Eq. 2.24 will be recovered for γ = 0, so is the custodial symmetry. The mixing can be generated by operators with custodial symmetry breaking, such as the gauge and top spurion potential, without violating the CP property.
B.3 Neutrino mass
The neutrino interaction with the complex triplet can be generated by bilinear operators. We can write down the projectors which select the isospin triplet Λ with hypercharge of 1, so that it couples to SM left-handed lepton L = (ν L , e L ) T through a Yukawa term ofL c ΛL. The effective operator for this Yukawa coupling reads:
As we can see that the dominant contribution to the neutrino mass is a constant term proportional to y ν v 2 /f from a dim-5 Weinberg operator. On the other hand, once the CP-even field λ 0 = − i √ 2 (Λ 0 − Λ * 0 ) obtains a tiny VEV ∼ O(1) GeV, which is possibly achieved by either bilinear 4-fermion interaction or partial compositeness, a Majorana mass will be generated.
